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ABSTRACT: NMR diffusion measurements have proven to be a very powerful technique for probing the
solution dynamics of polymer systems. In theory, it is possible to extract a range of useful information
including molecular weights from the diffusion data. In practice, especially outside the infinite dilution
regime, the data analysis is further complicated by numerous effects including macroscopic and microscopic
averaging. Here the averaging effects in dilute bimodal narrow molecular weight poly(methyl methacrylate)
in deuterated chloroform solutions are studied at 298 K and cogent models developed to analyze the data.
Simulations are performed which represent different limits of diffusive behavior in bimodal solutions and the
suitability of the simulations are found to be dependent on the ratio of the molecular weights in the solution.

Introduction

Translational diffusion studies can provide immense amounts
of information about the solution properties of molecules. Self-
diffusion does not require a chemical potential gradient,1 and is a
result of internal kinetic energy.2Diffusion is related tomolecular
size through the Stokes-Einstein-Sutherland equation which
relates the diffusion of a particle to its hydrodynamic size2-4 and
solution viscosity,5 and is sensitive to molecular interactions.6

For a freely diffusing species it can provide an estimate of the
mean square displacement of a molecule whereas for restricted
diffusion it can give the size of the restricting geometry and/or the
direction dependent apparent diffusion coefficients if the system
is anisotropic.2Self-diffusion measurements can be conveniently
made with pulsed gradient spin-echo (PGSE) NMR.2,3,7,8

In an NMR diffusion measurement of a freely diffusing
monodisperse sample the echo decay is monoexponential since
there is only one diffusion coefficient. However, in a polydisperse
polymer solution there must be a range of diffusion coefficients
and the components generally have overlapped NMR signals.9

Macroscopic and microscopic averaging of the diffusion coeffi-
cients are often observed for polydisperse macromolecular
systems.3,10 Phenomena such as obstruction and entanglement,
which are both dependent on concentration, may influence the
diffusion coefficients since these effects occur on smaller time
scales andwould be averaged for the diffusionmeasurement time
scale; i.e., the average molecular spacing is less than the mean
square displacement on the experimental time scale and as such
molecules will collide and interact.2,3

Exploring the effects of polydispersity on NMR diffusion mea-
surements is of great significance. In this work, the diffusional aver-
agingeffects indilutebimodalmixturesofpoly(methylmethacrylate)
(PMMA) in deuterated chloroform were studied at 298 K and at
concentrations less than the overlap concentration, c < c*, and
compared to the diffusion coefficients in monomodal solutions.

Theoretical Basis

PGSE NMR. PGSE NMR may be used to measure the
diffusion of molecules by using the Larmor frequency as a

label for position.2 Using the simplest PGSE NMR sequence:
the Stejskal and Tanner sequence (a modified Hahn spin-
echo),11 as an example, the echo signal and echo attenuation
for a single freely diffusing species is given by3

Sðg, taqÞ ¼ Sð0, taqÞEðg,ΔÞ ð1Þ
where

Eðg,ΔÞ ¼ Sðg, taqÞ
Sð0, taqÞ ¼ exp -γ2g2Dδ2 Δ-

δ

3

� � !

¼ expð- bDÞ ð2Þ
respectively, where S(g, taq) is the total signal observed with
gradient strength g T m-1, S(0, taq) is the signal when the gra-
dient strength is 0 T m-1, E(g,Δ) gives the signal (normalized)
with attenuation from diffusion, δ is the duration of the
gradient pulse in seconds, γ is the gyromagnetic ratio of the
nucleus,Δ is the diffusion time in seconds, and taq is the timeof
acquisition. As shown in eq 2, all of the magnetic gradient
parameters can be lumped into the b factor. The diffusion
coefficient, D (m2 s-1), can be obtained by nonlinear regres-
sion of eq 2. Other experimental considerations can be found
elsewhere.3,12-15

PGSE NMR of Polydisperse Systems. In a polydisperse
system, obstruction of the smaller molecules by the larger
ones causes a reduction in their diffusion coefficient.3 Mod-
eling such obstruction effects is complex due to the shape of
the molecules and their distribution in solution and in
concentrated solutions the modeling of obstruction becomes
a complex many body problem.16 The available models are
simplistic as they assume that the obstruction is due to evenly
distributed monodisperse hard spheres.3,7 The situation
becomes further complicated when the small molecules bind
to the surface of the larger ones.3 Self-obstruction reduces
the diffusion coefficient of the molecules as well, and models
may overestimate the reduction as the concentration in-
creases since they may not include aggregation effects.3,17,18

Macroscopic and microscopic averaging are often ob-
served for polydisperse systems. The macroscopic average*Corresponding author. E-mail: w.price@uws.edu.au..
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describes how the attenuation can be described by averaging
each of the component diffusion coefficients scaled by their
concentrations in the polydisperse system.10 The logarithmic
attenuation plots for polymers should be noticeably non-
linear for polydispersities above 1.06.10,19 However, the
attenuation curves from diffusion in polydisperse systems
often do not show the expected functional dependence. This
was observed for a polydisperse dextran solution20 and a
lysozyme solution where aggregation was known to occur.17

The deviation from the expected macroscopic average is
known as microscopic averaging or ensemble averaging.3,10,20

The distribution of diffusion coefficients measured in the
polydisperse system is narrower than expected.3,10,21 The
averaging process may also depend on concentration which
suggests it is a result of molecular interactions (polymer-
polymer and/or polymer-solvent).10,19,20 Thus, themeasured
attenuation plots include bothmacroscopic andmicroscopic
averaging.10

At infinite dilution the diffusion of each component is
unperturbed by the presence of the others, and so the micro-
scopic averaging disappears and onlymacroscopic averaging
applies.19,22 Bimodal mixtures of two nearly monodisperse
polymers have been studied to demonstrate the averaging
processes.10,22,23 Deuterated polymers may be used so that one
component is “NMR invisible”.10,22,23 Comparison is often
made between the diffusion coefficients of the components in
the mixture and those of each component polymer however
this is sometimes only done for the same total polymer
concentrations10 and not the same component concentra-
tions. It has been noted that the measured diffusion coeffi-
cient of the smaller molecule decreases while that of the
larger molecule increases when measured in a bimodal
solution.10,19

General Case. The PGSE NMR attenuation of a sample
consisting of a discrete mixture can be described by a
summation of the contributing decays.3,10,17,19,20,22,24 Gen-
erally,

Sðg, taqÞ ¼
X
i

Sið0, taqÞEiðg,ΔÞ ð3Þ

and

Sðg, taqÞ ¼
X
i

Mini expðRiÞ expð- bDiÞ ð4Þ

where Mi, ni, and Ri are the molecular weight, number of
moles, and the spin relaxation term for component i, respec-
tively.

If the relaxation term is assumed to be identical for all
resonances irrespective ofM, as considered for simplicity to
allow for normalization,3,10,17,19,20 eq 4 becomes

lnðEðg,ΔÞÞ ¼ ln

P
i

Mini expð- bDiÞP
i

Mini

0
B@

1
CA

¼ - b

P
i

MiniDiP
i

Mini

0
B@

1
CA ð5Þ

Thus, the PGSE NMR experiment measures a weighted
average diffusion coefficient,3,17,20

ÆDæw ¼
P
i

MiniDiP
i

Mini
ð6Þ

which can then be expressed in terms of the diffusion average
molecular weight.19,25,26

To reflect the polydispersity of a system, extra terms can be
included in eq 5.3,17,20 These arise from noting that eq 5 can
be considered a cumulant-generating function,3,17,27,28 with
the moment-generating function being E, and expansion to
the second cumulant gives the variance or width of the
distribution of diffusion coefficients about ÆDæw. Equation 5
is the first cumulant.

For a polydisperse system with a continuous distribution
ofmolecular weights, the summations in eq 5 can be replaced
by integrals,10,19

Eðg,ΔÞ ¼ Sðg, taqÞ
Sð0, taqÞ ¼

R ¥
0 MinðMÞi expð- bDiÞ dMR¥

0 MinðMÞi dM
ð7Þ

Since the attenuation equation is a sum of exponentials for
a polydisperse system, if the data is plotted on a logarithmic
scale then the attenuation curve should be nonlinear.3,10,17,20

However, macroscopic and microscopic averaging may re-
sult in the logarithmic attenuation curves appearing different
than predicted. Other factors may also affect the deconvolu-
tion of superimposed exponential decays. For example, even
when there are two different diffusion coefficients present, a
simple biexponential fit to the attenuation data is affected by
the signal-to-noise ratio, instrumental error, the ratio of the
signals of the contributing components, and the ratio of the
diffusion coefficients.29Additionally, the variation of relaxation
withMmay be negligible only at certain concentrations.19,24,30

The effects of obstruction and relaxation need to be con-
sidered in both the design and interpretation of PGSENMR
experiments.7,17,31

Bimodal case. From eqs 3 - 7, the PGSE NMR attenua-
tion for a discrete bimodal system is given by

Eðg,ΔÞ ¼
M1n1 expðR1Þ expð- bD1ÞþM2n2 expðR2Þ expð- bD2Þ

M1n1 expðR1ÞþM2n2 expðR2Þ
ð8Þ

For a bimodal polymer solution of equal weight fractions
(i.e., M1n1 = M2n2), eq 8 simplifies to

Eðg,ΔÞ ¼ expðR1Þ expð- bD1Þþ expðR2Þ expð- bD2Þ
expðR1Þþ expðR2Þ

ð9Þ
and if the relaxation terms are independent of the molecular
weight (i.e., R1 = R2) this can be further simplified to

Eðg,ΔÞ ¼ 0:5 expð- bD1Þþ 0:5 expð- bD2Þ ð10Þ

Experimental Section

Polymers. Narrow molecular weight PMMA samples were
obtained from Polymer Laboratories (U.K.) and had the fol-
lowing peakmolecular weights,Mp, and polydispersities: 4700 g
mol-1 (1.07), 12 700 gmol-1 (1.08), 20 200 gmol-1 (1.06), 68 000
g mol-1 (1.07), and 143 000 g mol-1 (1.04).

Pulsed Gradient Spin-Echo NMR. 1H NMR diffusion ex-
periments were performed at 298 K with a Bruker Avance 400
MHz with 5 mm broadband X(H)(BBO) probe equipped with a
z-axis gradient. All data fittingwas performed usingOriginPro 8
(OriginLab Corporation, MA) software using the Levenberg-
Marquardt algorithm. The temperature was calibrated using a
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methanol sample.32,33 All polymer diffusionmeasurements were
performed with the double stimulated echo (DSTE) pulse
sequence with trapezoidal gradient pulses (Figure 1). This
sequence was chosen to minimize convection problems and
because in macromolecular samples the spin-lattice relaxation
time (T1) is much greater than the spin-spin relaxation time
(T2).

12 The attenuation of the DSTE pulse sequence (derived
with trapezoidal gradient pulses using Maple 12 (Maplesoft,
WaterlooMaple, Inc.)) and dependence on relaxation (given by
Jerschow and M€uller34) are given by

Eðg,ΔÞ ¼ Sðg, taqÞ
Sð0, taqÞ

¼ exp - γ2g2 δ2 Δ-
2δ

3

� �
þBtrapezoid

 !2
4

3
5D

8<
:

9=
;
ð11Þ

where

Btrapezoid ¼ - 2δεΔþ 2δ2εþ 16ε3

15
-
35δε2

15
þ ε2Δ

 !
ð12Þ

and

Sð0, taqÞ � exp -
4ðδþ τgÞ

T2
-
ðΔ- 2δ- 2τg þ teÞ

T1

� �
ð13Þ

where the delays (Δ, δ, τg, T, te, ε) (in s) are shown in Figure 1.
The data was normalized to the signal at 0.011 T m-1 gradient
strength since the signal with 0 T m-1 gradient strength of
stimulated echo type sequences can be affected by cosine
modulation dependent on chemical shift.15,35

Diffusion Measurements of Monomodal Polymer Solutions.

The measured diffusion coefficients of monomodal polymer
solutions were assigned to a single molecular weight, i.e., Mp.
The diffusion coefficients were measured in monomodal poly-
mer solutions at concentrations equivalent to the total polymer
concentration in the bimodal solutions and the correct compo-
nent concentrations in the bimodal solutions. The required
amount of polymer was weighed directly into the NMR tube,
400 μL of CDCl3 was added, and the polymer solutions were
allowed to equilibrate for at least 3 h, after which the solution
was thoroughly mixed. The meniscus was marked to check for
solvent evaporation during NMR experiments.

The values of δ, Δ, and g were selected so that the signal
attenuated to 10% of the signal without gradient. Typical
acquisition parameters were: recycle delay time between diffu-
sion experiments of 28-35 s (5 � T1 of CHCl3-which was
longer than any of the polymer resonances-so that the diffusion
coefficient ofCHCl3 could also bemeasured),δ ranged from2 to
8ms,Δ ranged from 0.07 to 0.65 s, ε=50 μs, τg=200 μs, te=5
ms, a spectral width of 8250 Hz digitized into 8k or 16k data
points, g was typically varied from 0.011 to 0.469 T m-1 in
increments of 0.029 T m-1 (a total of 17 data points for each

attenuation curve). Each spectrum was averaged over 8 scans.
The CHCl3 signal was integrated over the range 7.20-7.40 ppm,
and the CH2 signal of the PMMAwas integrated over the range
1.72-2.61 ppm. The diffusion coefficients were determined
from nonlinear regression of eq 11 onto the PGSE NMR data
to avoid unequalweighting to noise (as is the casewhen using the
logarithmic form of eq 11 during data fitting). While the errors
taken for the diffusion coefficients were the standard errors
from the data fitting, it should be noted that after including
factors like inherent gradient inhomogeneity and gradient cali-
bration errors one can expect a variation of the order of 1% for
duplicate measurements.

Relaxation Measurements of Monomodal Polymer Solutions.
The longitudinal and transverse relaxation was measured for
monomodal polymer solutions using the inversion recovery
technique36,37 and the Carr-Purcell-Meiboom-Gill (CPMG)
sequences,38,39 respectively. The relaxation was measured for
three concentrations (approximately 1.5, 0.75 and 0.31% w/v)
for each molecular weight. The dependences of T1 and T2 on
both molecular weight and concentration were then found.

Diffusion Measurements of Bimodal Polymer Solutions. The
attenuation plots and diffusion coefficients were measured in
bimodal (50:50 by weight) polymer solutions (total concentra-
tion ∼1.5% w/v). The bimodal solutions were 4700 g mol-1/
143 000 g mol-1 (Mp ratio = 30.4), 12 700 g mol-1/68 000 g
mol-1 (Mp ratio = 5.4) and 20 200 g mol-1/68 000 g mol-1 (Mp

ratio = 3.4). Two samples of each bimodal mixture were
prepared and the diffusion attenuation in each solution was
measured twice. The parameterswere similar to those used in the
monomodal diffusion measurements. The analysis involved
comparison of the experimental bimodal attenuation curves to
the simulated attenuation curves using the diffusion coefficients
measured in the monomodal solutions. Two types of simula-
tions were made: simulation A, the diffusion coefficients used
were those measured for the component polymer in a mono-
modal solution of the same total polymer concentration as the
bimodal solution (i.e., ∼1.5% w/v); simulation B, the diffusion
coefficients used were those of the component polymer in a
monomodal solution of the same component concentration as in
the bimodal solution (i.e.,∼0.75% w/v). Relaxation terms were
included for completeness in the simulations and analysis (i.e.,
eq 9). For a DSTE with trapezoidal pulses (cf eq 11)

b ¼ γ2g2 δ2 Δ-
2δ

3

� �
þBtrapezoid

 !2
4

3
5 ð14Þ

and Btrapezoid is given by eq 12 as derived in this work. The
relaxation terms given by Jerschow and M€uller34 but with
molecular weight dependence are

Ri ¼ -
4ðδþ τgÞ
T2ðMiÞ -

ðΔ- 2δ- 2τg þ teÞ
T1ðMiÞ

� �
, i ¼ 1 or 2 ð15Þ

whereT1(Mi),T2(Mi) indicate that the relaxation is a function of
molecular weight.

Results and Discussion

Relaxation in Monomodal Polymer Solutions. The spin-
lattice and spin-spin relaxation measurements showed that
the relaxation term should be included in the analysis of the
diffusion of these polymer systems. The concentration de-
pendence of the longitudinal and spin-spin relaxation, if
significant, may be used to find a normalizing function in
analyzing the PGSE data.40,41 In doing so the effects of the
influence of local chain/segment dynamics on the measured
diffusion coefficient may be removed.40,41 However, the
concentration dependence of the relaxation of the PMMA

Figure 1. DSTE sequence with trapezoidal gradient pulses and a longi-
tudinal eddy current delay (te). This sequence contains two stimulated
echo (STE) sequences with the diffusion time in each STE being Δ/2
giving a total diffusion time of Δ. The rise and fall time of the
trapezoidal gradient pulses is ε and the total gradient pulse width is δ..
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samples was negligible in the concentration range and was
ignored.

The molecular weight dependence, however, could be
described by a single exponential function:

T1ðsÞ ¼ ð0:36( 0:01Þ-

ð0:14( 0:05Þ exp -Mp

ð5900( 2700Þ
� �

ð16Þ

T2ðsÞ ¼ ð0:048( 0:001Þþ

ð0:057( 0:019Þ exp -Mp

ð5500( 1600Þ
� �

ð17Þ

However, even for these narrow molecular weight poly-
mers, some averaging of the different types of protons was
evident in the longitudinal and spin-spin relaxation mea-
surements since minor deviations from the expected mono-
exponential behavior were observed. Nevertheless, the
approximate relaxation times are still valuable when describ-
ing the attenuation in these systems. Equations 16 and 17
were used to calculate the relaxation terms (i.e., eq 15) for use
with eq 9 for simulations and fitting of the bimodal data
(Table 1).

Diffusion in Bimodal Polymer Solutions. The PGSE NMR
attenuation data was measured for bimodal polymer solu-
tions and eq 9 was used to simulate the attenuations via
simulations A and B, using the diffusion coefficients mea-
sured in the corresponding monomodal polymer solutions.
The inclusion of relaxation (see Table 1) into the attenuation
equation for these bimodal (50:50 by weight) systems had
little or no effect for Mp ratios of 5.4 and 3.4 despite the
dependence of the relaxation on the molecular weight.
However, in modeling the polymer solution with anMp ratio
of 30.4, the relaxation correction terms are required. Never-
theless, for completeness, the measured relaxation terms
were included in all simulations at all three Mp ratios.

The experimentally determined diffusion coefficients for
the monomodal PMMA samples, which were subsequently
used for simulations A and B, are shown in Figure 2. Also
shown are the experimentally determined diffusion coeffi-
cients of each component in the bimodal solutions which
were found by nonlinear regression of eq 9 onto the data (NB
the relaxation terms were fixed to the values in Table 1).
Equation 9 was used to avoid unequal weighting to noise as
would be the case if the logarithmic form of the equation was
used. The experimental diffusion coefficients measured for
the components of the bimodal solutions are the weighted
averages of the four measurements performed.

The experimental attenuations and simulations for the
bimodal systems are shown in Figure 3. Notably nonsingle
exponential (i.e., ‘nonlinear’) behavior was found for the
sample with anMp ratio of 30.4 (Figure 3a, if a linear fit was
used for the data then an average R2= 0.928( 0.010 would
have been obtained; if the same was done for the data in
Figure 3b and c then an averageR2=0.993( 0.002 andR2=
0.997 ( 0.001, respectively, would be obtained). The PGSE

NMR attenuations of the bimodal samples with lower Mp

ratios (i.e., 3.4 and 5.4) were closely described by simulation
A. However, the sample with the highestMp ratio (i.e., 30.4)
was modeled better with simulation B (i.e., the macroscopic
average). This difference in behavior could result from
obstruction, since the collision frequency will increase as
the available space is reduced when the size of one compo-
nent increases with respect to the other.

However, considering the experimentally determined dif-
fusion coefficients of the components in the bimodal solution
obtainedwhen using eq 9, a different situation is evident. The
diffusion coefficients of the lowest Mp component in each
mixture were affected more than that of the highest Mp

component when compared to the diffusion coefficients
measured in monomodal solutions (see Figure 2). The diffu-
sion coefficients measured for the highest Mp’s in the mix-
tures are similar to those measured in a monomodal solution
at ∼0.75% w/v, but the lowest Mp component of the
mixtures are slower than those measured in monomodal
solutions even at ∼1.5% w/v. The lowest Mp components
suffer, as expected, a greater reduction in diffusion coeffi-
cient since the hindrance to their motion would be greater.
Given these observations a closer look at the simulations for
low b values in Figure 3a (see inset) revealed that although
simulation B appeared to fit the experimental PGSE NMR
attenuation with respect to the full data set, it underesti-
mated it at low b values. At low b values the attenuation was
better fitted with simulation A, so in order to better model
the experimental PGSE NMR attenuation curves for dilute
bimodal solutions of PMMA, itmay be necessary to consider
a simulation that is a combination of simulations A and B. A
simulation where the diffusion coefficient used for the high-
est Mp was that measured in the monomodal solution at
∼0.75%w/v and the diffusion coefficient used for the lowest
Mpwas that measured in the monomodal solution at∼1.5%
w/v was performed and the results are not shown here as the
simulated attenuation is very close to that simulated with
simulation B with only a subtle, but important, difference at
low b values. This new simulation resulted in the data set for
an Mp ratio =30.4 being completely fitted—even at low b
values, but the data sets forMp ratios=5.4 and 3.4 were still

Table 1. Exponential Values of the Relaxation Terms (eq 15)
for Simulations and Fitting of Bimodal Data from the DSTE

Experiments

component 1
(g mol-1)

component 2
(g mol-1) Mp ratio exp(R1) exp(R2)

4700 143 000 30.4 0.410 0.370
12 700 68 000 5.4 0.504 0.493
20 200 68 000 3.4 0.447 0.445

Figure 2. Diffusion coefficients of PMMA: Monomodal solutions
(light gray bars (g mol-1); M1 4700; M2 143000; M3 12700; M4 68000;
M5 20200) with concentrations of ∼0.75 and ∼1.5% w/v. Bimodal
solutions (black bars (gmol-1/ gmol-1); BM12 4700/143 000; BM34 12
700/68 000; BM45 20200/68000) where L and H are the results for the
low and highMp components in the bimodal solution, respectively.



Article Macromolecules, Vol. 43, No. 17, 2010 7355

better fitted by simulation A. The similarity of simulation B
and the new simulation is expected as the effect of the higher
diffusion coefficient of the lower Mp influences the attenua-
tion greater at low b values.

The results from the biexponential analysis of the bimodal
solutions PGSE NMR attenuations suggest obstruction
effects are important, particularly for the lowest Mp in the
bimodal solution, but as noted earlier, fitting biexponentials
is affected by the signal-to-noise ratio, instrumental error,
the ratio of the signals of the contributing components,
and the ratio of the diffusion coefficients.29 Simulations A
and B provided reasonable predictions of the PGSE NMR

attenuations in bimodal solutions. Simulation A described
the PGSENMRattenuation by considering each component
to be affected by the increased polymer concentration but
expected that the diffusion coefficients were the same as in
monomodal solutions of the same total polymer concentra-
tion, while simulation B described the PGSENMR attenua-
tion by considering only macroscopic averaging. When the
Mp ratio was highest the attenuation was described by a
combination of simulations A and B which corrected the
simulation for low b values, but for the two lower Mp ratio
solutions the attenuation was still best described by simula-
tion A.

Conclusions

Diffusive averaging behavior is a complicated phenomena and
presented in this paper were two simple simulations of PGSE
NMR attenuations and their closeness to the experimental
attenuations measured for dilute bimodal PMMA solutions.
The self-diffusion coefficients used to simulate the attenuations
were those frommonomodal solutions of the same total polymer
concentration as the bimodal solution (simulation A) or the self-
diffusion coefficients used were those frommonomodal solutions
of the same component concentration as in the bimodal solution
(simulation B). The results showed that the macroscopic and
microscopic averaging was dependent on the ratio of the molec-
ular weights in the bimodal solution. Simulation A more closely
described the attenuation of the dilute bimodal PMMA solutions
where the molecular weight difference between the components
was small (i.e.,Mp ratios =5.4 and 3.4), and simulation B better
described the attenuation of the dilute bimodal PMMA solutions
where the molecular weight difference between the components
was large (i.e.,Mp ratio=30.4). However, biexponential analysis
of the PGSE NMR attenuations suggested that the diffusion
coefficient of the highestMp was similar to that measured in the
monomodal solutions of the same component concentration, but
the lowestMp components diffusion coefficient was much slower
than even measured in monomodal solutions of the same total
polymer concentration. A simulation based on a combination of
simulations A and B where the self-diffusion coefficients used to
simulate the attenuationwas those frommonomodal solutions of
the same total polymer concentration for the lowest Mp and the
same component concentration for the highestMp as the bimodal
solution was performed. This simulation resulted in the experi-
mental attenuation being better described only for the solution of
the highest Mp ratio.
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